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In [4] W. E. Longstaff asks whether every square complex matrix is 
tridiagonahzable, i.e. unitarily similar to a tridiagonal matrix, and he proves 
several partial results in this direction. In this note we employ a dimension 
argument based on algebraic geometry to show that, in general, the answer to 
this question is negative. 
THEOREM. For euey n > 6 there exist cumplex n x n m&ices which are 
not tridiugonalizabl4?. 
Proof. Let M denote the set of ah complex n x n matrices, F the 
subset of tridiagonal matrices, and Q the subset of unitary matrices. It is 
sufficient to show that the mapping 
p:.TxQ+.d, (T,U) ++ U.T.U* 
is not stujective. The sets .T and & are real affine algebraic subvarieties of 
d which is identified with R2”’ intheusualway.Wehavedim~=6n-4, 
and dim4 = n2 because the real Lie group Q has as its associated Lie 
algebra the n2dimensionaI real vector space of skew Hermitian matrices [2, 
IX.4.11. This implies with [3, Proposition 11.3.lleJ that the variety .F x Q has 
dimensiondim(~X4?!)=dim.‘T+d.imQ=n2+6n-4. 
The mapping p is a polynomial map, and hence a dominant morphism of 
the variety .T X 4 into the Zariski closure in JY of its image under p. Since 
the dimension of a variety does not increase under a dominant morphism 
[l, Theorem 4.1.21, we have dim(G) < n2 +6n - 4. If n >, 6, then n2 +6n 
- 4 < 2n2 and hence in this case p is not smjective, which completes the 
proof. n 
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REMARKS. 
(1) In the above proof we have to work in real space R2n2 rather than in 
complex space Cnz because the unitary matrices @ are neither a complex 
variety nor a complex Lie group. (Complex conjugation is not a complex 
polynomial map.) 
(2) Our dimension argument can be extended in a straightforward manner 
to prove the following more general result. Given a fixed bandwidth p, then 
for n > some integer depending on p, there are complex n X n matrices 
which are not unitarily similar to a pbanded matrix. 
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